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An open problem in the theory of Moufang loops is to classify those loops which are 
minimally nonassociative, that is, loops which are nonassociative but where all proper 
subloops are associative. A related question is to classify all integers n for which a mini-
mally nonassociative loop exists. In [Possible orders of nonassociative Moufang loops, 
Comment. Math. Univ. Carolin. 41(2) (2000) 237-244], O. Chein and the third author 
showed that a minimal nonassociative Moufang loop of order 2q3 can be constructed by 
using a non-abelian group of order q3. In [Moufang loops of odd order pq3, J. Algebra 235 
(2001) 66-93], the third author also proved that for odd primes p < q, a nonassociative 
Moufang loop of order pq3 exists if and only if q == 1 (mod p). Here we complete the 
classification of minimally nonassociative IVloufang loops of order pq3 for primes p < q. 
Keywords: Structure and classificationj extensions; minimal nonassociative Moufang 
loop; group of prime-cubed order. 
Mathematics Subject Classification 2010: Primary: 08A05; Secondary: 20E22, 20N05 
1. Introduction 
If X is a property of loops, then a loop G is said to be a Ininhnal non-X loop if G 
itself is not in X but X contains all of the proper suhloops of G. Our present paper 
concerns the case that X is the class of l\1oufang loops that are nonassociative. 
II Current address: Department of Applied Mathematics, Faculty of Engineering, The University 
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In the theory of groups, the concept of studying and classifying minimal non-X 
groups has been fruitful. Often times a finite group that arises as a minimal counter 
exarnple in an inductive proof turns out to be a minimal non-X group for some class 
of groups X. 
A striking example of this arises frorn Thornpson's work [19-21] in the classifi-
cation of minimal silnple groups (simple groups all of whose proper subgroups are 
solvable). An immediate corollary of this is that a finite group is solvable if and only 
if each of its 2-generated subgroups is solvable. A minimal counter example to this 
theorem is a minimal non-X group where X is the class of finite solvable groups. Such 
a group maps homomorphically onto a minimal simple group, and hence appears 
in Thompson's list of minimal silnple groups. But each of these groups are clearly 
2-generated, yielding the desired contradiction. 
Other authors have classified minimal non-X groups for various classes. In the 
early 1900s, Miller and IVloreno [11] studied minimal non-abelian groups while 
Schnlidt [18] studied rninimal non-nilpotent groups. Redei then classified all the 
rninimal non-abelian groups in [16] and found conditions that the minimal non-
nilpotent groups must satisfy in [17]. 
It is known that rninimal non-p-groups form a particular case of minimal non-
nilpotent groups. It was then shown by Gallian and Moulton [7} that for any two 
distinct primes p and q there exists a non-abelian Ininilnal non-p-group of order 
pqn with a normal elementary abelian §q-subgroup if and only if n is the order 
of q in the multiplication group GF(p)*. This then obtained the classification of 
Ininimal non-p-groups. Also, Ballester-Bolinches and Esteban-Romero [I} showed 
that a finite minhnal non-supersoluble group is soluble classifying all of the minimal 
non-supersoluble groups. 
A loop is a binary systern which has an identity element and equipped with (left 
and right) divisibility. If a loop satisfies the NIoufang identity xy . zx = (x . yz)x, 
then it is called a Moufang loop. Moufang loops are similar to groups in many ways, 
e.g. they have the inverse property and they satisfy Lagrange's Theorem, Sylow's 
Theorems (with exception to conjugacy), and Hall's Theorem. Furthermore, any 
associative triplets in a Moufang loop generate an associative.subloop. This result is 
now known as Moufang's Theorem. As a corollary, Moufang loops are diassociative. 
Several other authors have constructed classes of finite nonassociative Moufang 
loops in order to determine the integers n for which there exist minimal nonasso-
ciative Moufang loops of order n. It was shown by Chein and the third author [5] 
that there exists a nonassociative Moufallg loop of order 2m if and only if there 
exists a non-abelian group of order m. It was also shown by Leong and the third 
author [10] that there does not exist a l1ona..""sociative Moufang loop whose order 
is a product of precisely three odd prinle factors. F\lrtherrnore, if a nonassociative 
Moufang loop, say Q, has an order that is a product of four odd prime factors then 
either IQI = 34 or IQI = pq3 with p < q. Hence these are the only possible orders 
for a minimal nonassociative Moufang loop whose order is odd containing at lTIOst 
four odd prime factors. 
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Back in 1937, it was Zassenhaus [2] who first constructed a nonassociative 
corrunutative Moufang loop of order 81. It was then Kepka and NerrleC [9] who 
constructed the second nonassociative commutative Moufang loop of order 81. In 
2007, Nagy and Vojtechovsky [13] then confirmed that there are exactly five lnini-
mal nonassociative Moufang loops of order 81. For minimal nonassociative Moufang 
loops of order pq3 with odd primes p < q, the third author [15] proved that they 
exist if and only if q is congruent to one Inodulo p. 
Concerning the classification of minimal nonassociative Moufang loops, we have 
results for the following orders: 
(a) less than 64 (Goodaire, May and Raman [8]); 
(b) 81 with five nonisomorphic cases (Nagy and Vojtechovsky [13]); and 
(c) p5 for any prime p > 3 (Wright [22]) with four nonisOlnorphic cases (Nagy and 
Valsecchi [12]). 
In this paper, we obtain the complete classification of minimal nonassociative 
1\.1oufang loops of order pq3 where p < q are primes. 
2. Definitions and Notations 
We list below SOITIe basic definitions and notations that are used in the subsequent 
sections. For a cOlTIprehensive description of loop theory, we refer the reader to [3] 
and [14]. 
Definition 2.1. A binary system L is called a loop if 
(a) there exists an eleInent 1 E L such that Ix = xl = x for all x ELand 
(b) for any x, y E L, there exist unique elements a, bEL such that xa = y and 
bx:::;: y. 
Definition 2.2. A Moufang loop is a loop that satisfies anyone of the following 
(equivalent) Moufang identities: 
xy . zx :::;: (x . y z)x, 
xy·zx=x(yz·x), 
x{y· xz) = (xy . x)z, 
(zx . y)x = z(x . yx). 
Remark 2.3. Moufang loops are diassociative meaning any two elelnents generate 
an associative subloop. 
Definition 2.4. Let x, y be elements in a loop, and let Lx, nx be translation Inaps 
such that £x(y) = xy and 'Rx(Y) = yx. Then Tx is defined by Tx = £;1'Rx. 
Remark 2.5. Suppose L is a Moufang loop and x E L. Then 
(a) £;1 = £x- 1 and n;l = 'Rx -l; 
(b) if Ixl = 3, then Tx is an automorphism of L. 
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Definition 2.6. Let L be a loop. The associator of the elements x, y, z E L is the 
unique element (x, y, z) E L such that xy· z = (x . yz)(x, y, z). The comrnutator of 
the elements x, y E L is the unique elelllent [x, y] E L such that xy = (yx)[x, V]. 
Definition 2.7. The nucleus of a loop L is defined by N(L) = {n ELI (n, :1:, y) = 
(x, n, y) = (x, y, n) = 1 for all :1:, y E L}. 
Definition 2.8. Let K be a subset of a loop L. We define CL(K) = {e ELI [k, £] = 1 
for all k E K}. 
Remark 2.9. If K ~ N(L), then CL(K) is a subloop of L. 
3. N onassociative Moufang Loops of Order pq3 
In [4], Chein constructed a class of nonassociative IVIoufang loops of even order. The 
construction is as follows: Let L = G u Gx where G is a non-abelian group of order 
m and x is an element not in G. Every element in L may be uniquely expressed in 
the form gxeY. where 9 E G and a = 0,1, and the product of two elements of L is 
given by 
(glXo.l ) (g2XQ.2) = (gr g~y' Xo.1 +0.2 , 
where v = (-1 )Q.2 and tJ. = (_1)0.1 +Q.2. Then L is a nonassociative Moufang loop 
of order 2m. 
The result on the existence of nonassociative 110ufang loops of even order was 
proven by Chein and the third author in [5]: A nonassociative Moufang loop of 
order 2m exists if and only if a non-abelian group of order m exists. The class of 
nonassociative Moufang loops constructed above is now known as Chein loops and 
denoted by M2m (G, 2). Note that a Chein loop lvI2m (G, 2) is a minimal nonassocia-
tive Moufang loop if and only if G is a non-abelian group whose proper subgroups 
are abelian. In this paper, we shall consider the Chein loops M2q3(G,2) where G 
is a non-abelian group of odd order q3. Such a loop is a minimal nonassociative 
Moufang loop since G only contains abelian proper subgroups. 
There is another class of nonassociative Moufang loops of order pq3 where p and 
q are distinct odd primes. In [15}, the third author showed that a nonassociative 
Moufang loop of order pq3 exists if and only if q == 1 (mod p). The construction of 
the Moufang loop involves the following: Let L be such a loop. There exist some 
x, y, z E L such that 
k = (x,y,z) '# 1, x-1kx = kfJ.., xyx-1 = ytt, xzx-1 = zfJ.., 
[z,y] = k¢, [y, k] = [z, k] = 1, 
for SOllle integers J-l and ¢ satisfying 
J-lP == 1 (mod q) but tJ. ~ 1 (mod q), 
¢ is any integer when p = 3, 
¢(tJ. - 1) == -2 (mod q) when p '# 3. 
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Then every elernent in L can be uniquely expressed in the form :1;G: • yfJ Zi kO where 
0: E Zp and f3: ,{, J E tlq and the product of two elements is given by 
(XG:l . yf31 z''Yl k 01 ) • (XG:2 . yf32 Z'Y2 k(h) = XO:(l,2) • yf3(1,2) Zi(l,2) k 0(1,2) , 
where 
0:(1,2) =: (a1 + 0:2) (lnod p); 
(3(1,2) =: {(31j.t(p-l)o:2 + (32) (lnod q); 
'{(1,2) =: ('{1j.l(p-l)Ct:2 + ,2) (mod q)j 
15(1,2) == [DIJtO ' + 152 + 4>(32'YIJt(p-l)o, 
+ 
(31 '{I (j.lG:2 - j.l(P-2)Ct:2) + (/311'2 - /321't) (/1D:l +Ct:2 - {L(P-1)G:2)] (mod q). JL-l 
We note that for fixed p and q, the structure of the Moufang loop is determined by 
the two parameters J-L and cp. Hence, we shall denote this class of Moufang loops by 
Mpq3 (/1, ¢). 
4. Classification of Minimal N onassociative 
Moufang Loops of Even Order 2q3 
From Sec. 3, for prime q > 2, there exist minhnal nonassociative Moufang loops of 
order 2q3 since non-abelian groups of order q3 exist. When q is odd, there are two 
nonisomorphic non-abelian groups of order q3: one of exponent q and another of 
exponent q2. The next theorem shows that they contribute to exactly two noniso-
morphic Moufang loops of order 2q3. 
Theorem 4.1. For any odd prime q there are exactly two non associative Moufang 
loops of order 2q3, namely, the Chein loops M(Q, 2) where Q is a non-abelian group 
of order q3. 
Proof. Let L be a nonassociative Moufang loop of order 2q3. FraIn [6] L has a 
nonnal subgroup, Q, of order q3 that is non-abelian. First note that two elements 
in Q generate Q if and only if they do not commute. Now if there does exist 
an element in L\Q that commutes with an eleinent in Q\Z(Q), then there is an 
element U E L\Q such that u2 E Q\Z(Q). SO if a is any eleinent in Q\Z(Q) that 
does not comlnute with u2 , then Q = (a, u2 ) and L = (a, u) is a group, contrary to 
assumption. Therefore, any element in L \ Q does not COlnmute with any element in 
Q\Z(Q). 
Note also that L is solvable and therefore has a minimal normal subloop which 
is an elementary abelian q-group, nalnely, Z(Q). For any U E £\Q, since u stabilizes 
Z(Q), U lnaps any elelnent a E Q\Z(Q) to another element b E Q\Z(Q). If there 
is an elenlent a E Q\Z(Q) that maps to uau = b E Q\Z(Q) where b tj. (a, Z(Q)), 
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then L = (u, a) is a group. Thus u stabilizes (a, Z(Q)) for all a E Q\Z(Q). Hence, 
for any a E Q\Z(Q) the group (u, a, Z(Q)) of order 2q2 is: 
(1) M(Cq2,2) if Q is of exponent q2; 
(2) NI(Cq x Cq , 2) if Q is of exponent q and u inverts the elelnents in Z(Q); 
(3) D2q x Cq if Q is of exponent q and u COlnnlutes with the elements in Z(Q). 
In case (3), conjugation by u would be an automorphism and L would be a 
group. Hence, we are in either case (1) or (2) where u inverts all of the elelllents in 
Q. Therefore, L is a Chein loop. 0 
5. Classification of Minimal Nonassociative Moufang 
Loops of Odd Order pq3, P f:. 3 
Before we proceed, we need two simple results from number theory. 
Lemma 5.1. If q is a prime, then the congruence j.t'Tt == 1 (mod q) has gcd(n, q-l) 
solutions for fL. 
Lemma 5.2. Suppose a, band m are integers such that gcd(a, m) = 1. Then there 
exists an integer x which satisfies the congruence ax == b (mod m). 
We first consider the congruence j.tP == 1 (mod q). By Leillma 5.1, there are 
gcd(p, q - 1) solutions for J1,. If q == 1 (illod p), then the number of solutions is p. 
Now if we exclude the case p == 1 (mod q), then we would end up getting p - 1 
solutions. In the next leillma, we shall show the relationship between these solutions. 
Lemma 5.3. Let p and q be primes satisfying q == 1 (rnod p). Suppose 11, is an 
integer such that p,P == 1 (lIlOd q) and 11 ;j=. 1 (mod q). Then 
(a) (p'Tt)P == 1 (mod q) and J.L'n "¥ 1 (mod q) for any n E {I, 2, ... ,p - I}; 
(b) Mi == J.lj (mod q) =} i = j for any i,j E {I, 2, ... ,p - I}. 
Proof. Since f-LP == 1 (mod q), it follows that f-LP = 1 + rnq for some m E Z. 
Hence for any positive integer n, (J.lP)Tt = (1 + mq)n = 1 + 2:7=1 (7) (mq)i = 
1 + q I:~=l C';)miqi-l. Therefore, (Ji'p)n = (j.tn)p == 1 (mod q). 
Now suppose jJ,Tt == 1 (lnod q) for sonle n E {I, 2, ... ,p - I}. Since gcd(n,p) = 1, 
by Lelnma 5.2, there exists an integer x such that nx == 1 (lllod p). Then (p,n)x = 
Ij,nx == 1 (luod q) =} jJ, == 1 (mod q), a contradiction. Hence 
J-t'Tt :f=. 1 (mod q) (5.1) 
for any n E {I, 2, ... ,p - 1}. This proves (a). 
Suppose i =1= j. Without loss of generality, aSSUlue i > j. Then i - j E 
{I, 2, ... ,p - 2} =} jJ,i- j ¢. 1 (mod q) by (5.1). Hence f1,i "¥ Mj (mod q), a con-
tradiction. 
This cOlnpletes the proof of this lemnla. o 
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In Lerrnna 5.3, we showed that in order to solve the congruences f.1P == 1 (mod q) 
and ~l t 1 (lliOd q), we only need one solution ~l'. Then all of the p - 1 distinct 
solutions are powers of ~'. The next lelnma explores the relationship between /-L 
and ¢. 
Lemma 5.4. For a fixed p sat'isjying p t 1 (mod q), there eX'lsts a unique 4> such 
that 4>(ft - 1) == -2 (rnod q). 
Proof. Suppose there exist cP and 4>' such that 4>(p, - 1) == ¢' (/-L - 1) == - 2 (mod q), 
Now 
¢ = cP' + r for some integer r 
mq - 2 m'q - 2 
=} = + r for some integers rn and m' p-l p-l 
=} (m - m')q = r(p - 1) 
=> q I r(p - 1) 
=> q I ?~ since q f (p - 1) 
=} 4> == 4>' (mod q), o 
The following lemma is also needed in the proof of the main theorem of this 
section. 
Lemma 5.5 ([15, p. 71, Lemma 3]). Let L be a Moufang loop. Suppose 
l',y,z E L such that x-1(x,y,z)x = (x,y,z)f-L and p =j:. 1. Then (xO,y,z) = 
(x, y, z)(p,O-l)/(IL-l) for any integer e ~ o. 
Having obtained all of the tools we need, we are now ready to classify all non as-
sociative Moufang loops of order pq3 where 3 < p < q are primes with q == 1 
(Iliad p). The strategy is to find suitable substitutions to show that all cases have 
the same presentation. 
Theorem 5.6. Let L be a nonassociative Moufang loop of order pq3 where p and 
q are odd primes satisfying q == 1 (mod p), and let J..l be a fixed integer satisfying 
pP == 1 (lnod q) and J..l 1= 1 (mod q). 
(a) There exist some x,y,z E L such that (x,y,z) /:. 1, x-1(x,y,z)x = (x,y,z)~t, 
xyx-1 = yl-t and xzx-1 = zl-t. 
(b) Moreover, if p =j:. 3, there exists a unique integer ¢ such that zy = yz(x, y, z)4> 
and ¢(J..l- 1) == -2 (mod q). 
Proof. (a) By the construction in Sec. 3, there exist some xo, Yo, Zo E L such that 
(xo, Yo, zo) i= 1, XOl(xO' Yo, zo)xo = (xo, Yo, ZO)I-tD, xOYoxol = y~O and XOZOXOl = 
zt;D for some ,",,0 such that J..lb == 1 (mod q) and po ¢ 1 (mod q). By Lemma 5.3, we 
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can write JLo = JLn for SOllle n E {I, 2, ... ,p - I}. Now by letting ko = (xo, Yo, zo), 
we rewrite the equations as 
-1 f-Ln Xo koxo = ko , 
-1 Ij,n 
XoYoXo = Yo , 
1 n 
XOZOXo = Zb . 
By LeIIllna 5.2, there exists an integer en such that 
We let 
nOn == 1 (mod p). 
X - x O", 
- 0 , 
Y = YO, 
z = zo, 
It then follows that 
Now 
(x, y, z) = (xgn, Yo, zo) 
_ ( ) (l1,n9n -1)/(f-Ln -1) 
- Xo, Yo, Zo 
=k 
k = 1 {::} /-LnOn - 1 == 0 (lllOd q) 
{::} f.tnOn == 1 (luod q) 
{::} J-t == 1 (mod q) 
by (5.6)-(5.8) 
by Lemma 5.5 
since /-Ln 1= 1 (mod q) 
by (5.9). 
by (5.5). 
Since the condition J.L ¢. I (mod q) is given, it follows that k f 1. Next, 
X-I kx = xoOn kb'n(9n-l)+I£n(9n -2) + .. +lxgn by (5.6) and (5.9) 
_ 
k
P,nBn(l'n(9n-l)+lJ.n(9n-2)+ .. +1) 
- 0 by diassociativity and (5.2) 
= kIJ. by (5.5) and (5.9) 
and 
xyx-1 = xgnYOxoOn by (5.6) and (5.7) 
= yttfJro by diassociativity and (5.3) 
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Similarly, 
nen 
= zb by diassociativity and (5.4) 
= zit by (5.5) and (5.8). 
(b) Now suppose p =F 3. We wish to find sorne integer ¢ such that zy = yzk¢ and 
¢(fJ- 1) == -2 (Inod q). By LelllIna 5.4) there exists a unique ¢n such that ZoYo = 
Yozokgn and cPn(/Ln - 1) == -2 (nlOd q). Then zy = ZoYo = Yozok8n = yzk¢n7 n 
where Tn(fLn(On-l) + fLn (On-2) + . " + 1) == I (lnod q). So, 
if> ( sq - 2) ( tq + 1 ) 
nTn = fLn _ 1 p,n(On- l ) + p,n(On-2) + ... + 1 for some s, t E IE 
(sq - 2)(tq + 1) 
= 




Hence ¢ = ifJn Tn is an integer which satisfies ¢(J.L - 1) 
Leillma 5.4, ¢ is unique up to q. 
-2 (mod q). By 
o 
We have shown that lv'Ipq3 (Il/t, ¢n) ~ M pq3(fL, ¢) for any n E {I, 2, ... ,p - I} 
when p # 3. Hence, for fixed prhnes p and q satisfying 3 < p < q and q == I 
(mod p), up to isomorphism there is one and only one nonassociative Moufang loop 
of order pq3. 
6. Classification of N onassociative Moufang Loops of Odd Order 3 q3 
Similar to the previous section, consider the two congruences J.L3 == 1 (illod q) and 
J.L t=. 1 (mod q). Since q == 1 (mod 3), by Lemma 5.1, there exist two solutions for 
fl. By Lemma 5.3, each solution is the square of the other, and they are distinct. 
Now let L be a nonassociative Moufang loop of order 3q3 where q is a prime 
satisfying q == 1 (mod 3), and let fL be a fixed integer satisfying fL3 == 1 (mod q) 
and fL t= 1 (rnod q). By Theorem 5.6(a), we can always find SOllle x, y, z E L such 
that (x,y,z) =F 1, x-1(x,y,z)x = (:r;,y,z)f.l, :r;yx-1 = yf.l and xz:r;-l = zIt. However, 
for this fixed j.l, the </> value is not unique, namely, ¢ E {O, 1, ... , q - I} (see Sec. 3). 
Remark 6.1. Note that ¢ = 0 if and only if [z, y] = [y, k] = [z, k] = 1. This is true 
if and only if Q = (y, z, k), the maximal normal subgroup of order q3 and exponent 
q, is abelian. Conversely, if ¢ i- 0, then (y, z, k) is non-abelian. Hence we have at 
least two nonisomorphic cases: </> = 0 and if; =f. O. 
We will show that if ¢ =F 0 where Q = (y, z, k) is non-abelian then, up to 
isomorphism, there is one and only one extension of Q by a cyclic group of order 
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three resulting in a nonassociative 110ufang loop L. Since q is an odd prinlc, there 
is only one non-abelian group of order q3 and exponent q, Thus for any value of 
q;E{1,2, ... ,q-l}, { (
1 y' k') } Q 9! ~ ~ ~ E SL3 (Fq ) y' , z', k' E Fq = K. 
Also note that N = N(L) = Z(Q) = (k) and that CL(N) = Q. 
Lemma 6.2. Any element in L\Q has order three. 
Proof. Assurne that L has an element, say u, of order 3q. If u3 is not in N = 
Z(Q) = (k) then L can be generated by two elements and is therefore a group. If 
11 3 E N then there exists an element in L\Q, nmnely u, that commutes with k. But 
CL(N) = Q. Hence, by contradiction, every element U E L\Q is of order 3. 0 
Since any element u E L \ Q is of order three, conjugating the elements in Q by 
u forms an automorphism of Q. 
Lemma 6.3. Any element in the inner mapping group of L which is of the form 
Rau Ru. -1 Ra -1 for some a E Q and U E L \ Q is an automorphism when restricted 
to Q. 
Proof. If a E N then Rau'Ru-1 Ra-l fixes all elements in Q and is therefore an 
automorphism of Q. Now suppose that a E Q\N. Then Rau'Ru-1 Ra-l leaves all 
elements in (a,N) fixed. Let b be any element in Q\(a, N). Since RauRu-lRa-l 
is a selni-homomorphism and Q is of odd order with Q = (a, b), knowing where 
Raunu-oool Ra-l maps b to deternlines where all of the other elelnents of Q are 
lnapped to. 
Since LIN is a group, naunu-l na-l stabilizes all of the cosets of N. Thus 
Raunu-l Ra-l maps b to smne element in Nb. But for any element c in Nb there 
exists an automorphism of Q that fixes the elements in (a, N) and maps b to c. 
Hence, the selni-automorphism Rau Ru-l Ra-l is an autorIlorphism of Q. 0 
Since all of the elements in Qx U Qx2 are of order three, up to isorIlorphism, 
(
p2 0 0) 
x permutes the elelnents in Q as 0 1 0 permutes the elernents in K. In other 
o 0 f..L 
words, any two elements of Aut( Q) which are of order three and leave only the 
identity 1 E Q fixed are conjugate in Aut ( Q). However, the multiplication table of 
L = (x, Q) is determined by more than just how x permutes the elernents in Q. 
Theorem 6.4. The multiplication table of L is uniquely determined by the follow-
ing permutations of Q, namely, 
(1) how 9 = .cx-l Rx permutes the elements of Q and 
(2) how f = RyxRx-1Ry-l permutes the elements ofQ· 
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Proof. Let a, b E Q. VVe will first show that g = LX-l Rx detennines how ax and 
bx are multiplied and how ax2 and bx2 are multiplied. Note that 
(ax)(bx) = (xg(a))(bx) = x(g(a)b)x = g-1(g(a)b)x2 E Qx2 
and 
(ax2)(bx2) = (x2g2 (a))(bx2) = x2(g2(a)b)x2 = g-2(g2(a)b)x E Qx. 
We will now show that 9 = Lx-l Rx together with f = RyxRX-1 Ry-l deter-
mine how the other pairs of cosets of Q are multiplied. Since f = 'Ryx'Rx-1 Ry-l, 
a(yx) = (f(a)y)x E Qx for any a E Q. Also note that, frorn LemIna 6.3, 
(ab)(yx) = (f(a)f(b)y)x E Qx for any a, bE Q. Thus 
y-l(ax) = (y-1ay-l)(yx) 
= (f(y-1ay-l )y)x 
= (y-l f(a)):c 
for any a E Q. Now if m is an integer such that y-m,(ax) = (y-m, fm,(a))x for any 
a E Q then 
Hence, by induction, 
y-(m+l) (ax) = y-l(y-m(ax)) 
= y-l((y-m fm,(a))x) 
= (y-l f(y-m fm(a)))x 
= (y-(m+l) fm+l(a))x. 
ym,(ax) = (ym f-m(a))x E Qx 
for any m E Z and any a E Q. Moreover, 
(y-may-m)(ym x) = y-m(ax) 
= (y-m fm(a))x 
= (fm(y-may-m)ym)x 
(6.1) 
for any m E Z and any a E Q. Since Q is of odd order, for any m E Z every element 
in Q can be written in the form y-may-m for some a E Q. Hence, 
(6.2) 
for any a E Q. Here (6.1) and (6.2) determine how to multiply any element in Qx 
on the left by any element in Q. Let a, b E Q. If b = 'Wym for some wEN and some 
m E Z then 
a(bx) = a(wymx) 
= (aw)(ymx) 
= (fm(aw)ym)x E Qx. 
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Otherwise, if b 1- (y, N) then there exist eleInents wEN, bt E (b) and ym E (y) 
such that a = wym bt. Thus 
a(bx) = (wymbt)(bx) 
= (h( wymbt)b)x 
= (h(w)h(ym)h(bt)b)x 
= (wym f-m(b)b- 1btb)x 
= (wym f-rn(b)bt)x E Qx, 
frorn (6.1) 
where h = Rbx'Rx-l Rb-l. By taking the inverse of both sides and conjugating terms 
by x2 one can then determine how to multiply any element in Qx2 on the right by 
any elernent in Q. Also by knowing how to nlultiply elements in Qx on the left by 
elernents in Q, one can then multiply any ax E Qx on the right by bx2 E Qx2 by 
(ax)(bx2 ) = (xx2ax)(bxx) 
= x(g(a)(bx))x 
=x(cx)x 
= g-l(C) E Q. 
for some cEQ 
One can then determine products of the form a(bx2 ) for a, b E Q by 
a(bx2 ) = (a(bx2) -1 (bx2 ) )(bx2) 
= (cx)(bx2)(bx2 ) for SOlne CEQ 
= (ca;)(dx) for some d E Q 
= g-1(g(c)d)X2 E Qx2. 
By taking the inverse of both sides and conjugating terms by x products of the 
form (ax)b for a, b E Q can then be determined. Finally, to detennine products of 
the form (ax2 )(bx) with a, b E Q one can compute 
(ax2 )(bx) = (xx2axx)(bx) 
= x( (g(a)x )b)x 
=x(cx)x 
= g-l(C) E Q. 
for some CEQ 
o 
Theorem 6.5. With Q being a non-abelian group of order q3 and exponent q, up 
to isomorphism, there is one and only one extension of Q by a cyclic group of order 
three resulting in a nonassociative Moufang loop L = (x, Q). 
Proof. By Theorem 6.4, the loop L is uniquely determined by 
g:Q-+Q 
a 1-+ x-lax 
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and 
J:Q-?Q 
a I-t ((a(yx))x-l)y-l. 
Up to isomorphisnl, there is only one possible automorphism 9 E Aut( Q) that is 
of order three and leaves only the identity in Q fixed. FroIn Lernma 6.3, J E Aut( Q) 
and J fixes all of the elements in (y, N). Recall that z E Q\(y, N) with Q = (y, z). 
So L is detennined by J which itself is detennined by the image J(z). Since J 
stabilizes the cosets Q/N, J(z) E Nz. Note that J(z) =I z since x,y, and z do not 
associate. Hence, there are q - 1 possibilities for the irnage J(z). However, for any 
two nontrivial maps 11,12 E Aut( Q) that leave the elements in (y, N) fixed and map 
z into Nz, there exists a map cp E Aut(Q) such that cp-l gtp = 9 and <p-l fltp = 12. 
Hence, up to isomorphism, 9 and 1 are uniquely detennined. Therefore, up to 
iSOlnorphism, there is exactly Olle Ilonassociative Moufang loop L = (x, Q) when 
¢ =I O. 0 
7. Conclusion 
We have completed the classification of minimal nonassociative Moufang loops of 
order pq3 where p < q are prirnes. 
(a) If p = 2, then, by Theorem 4.1, there are exactly two such loops: one with a non-
abelian subgroup of order q3 and exponent qj and the other with a non-abelian 
subgroup of order q3 and exponent q2. 
(b) If p = 3, then q == 1 (mod 3). By Rernark 6.1 and Theoreln 6.5, there are 
exactly two such loops: one with an abelian subgroup of order q3 and exponent 
q; and the other with a non-abelian subgroup of order q3 and exponent q. 
(c) If p > 3, then q == 1 (mod p) and, from Sec. 5, there is only one such loop. Such 
a loop lUUSt contain a non-abelian nonnal subgroup of order q3 and exponent q. 
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